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In this paper we analyze some important characteristics of the spatial Wigner function of entangled photon
pairs. We show that the Wigner description of quantum states that live in the infinite-dimensional space-
momentum degree of freedom proves to be particularly useful. We propose an experimental configuration that
can be used to retrieve the Wigner function of paired photons entangled in the spatial degree of freedom. In
particular, it allows the full characterization of the paired photons emitted from a spontaneous parametric
down-conversion source.
DOI: 10.1103/PhysRevA.80.043804 PACS numbers: 42.50.Dv
I. INTRODUCTION
The efficient and reliable generation, control and detec-
tion of specific states of quantum systems is at the roots of
the field of quantum information 1. One important property
of quantum systems composed of several parties is that they
can become entangled, i.e., the quantum state of the whole
system cannot be described by a set of separable quantum
states for each party of the ensemble. Entangled states have
found many applications in quantum computing, quantum
teleportation, and are at the core of certain cryptographic
protocols 1–3.
Quantum systems which present entanglement in continu-
ous variables have been receiving increasing attention from
the scientific community due to their potentiality. The most
widely explored continuous variable system is based on the
quadratures of the electrical field of photons. The transverse
spatial shape of photons i.e., transverse position and mo-
mentum degree of freedom is another of such continuous
variable systems. It has already been shown that pairs of
photons can be entangled in their spatial properties 4. Up to
now, the entanglement in transverse momentum has been
used to test some quantum protocols in a finite number of
dimensions 5–8. On the other hand, due to its ease of con-
trol, the spatial degree of photons is prone to be used for
testing some of the new physical predictions that continuous
variables quantum systems can offer 9.
One suitable representation of the quantum state of a sys-
tem is the Wigner function 10,11. The Wigner-function for-
mulism is fully equivalent to the density matrix representa-
tion, thus providing all the accessible information of the
system to the observer. Wigner functions are especially use-
ful for describing continuous variables. In particular, it has
been used for describing the quadratures of the electrical
field with coherent and squeezed states 12 or single photon
states 13.
Here we analyze the structure of the phase space of en-
tangled photons in the transverse momentum degree of free-
dom using the Wigner-function formulism. The description
of the spatial transverse modes of an optical field in terms of
the Wigner function can be found in 14,15. In this paper we
present some results which can be directly applied to de-
scribe the transverse spatial shape of bipartite entangled pho-
tons generated in spontaneous parametric down-conversion
SPDC processes. Thus, in Sec. II we revise the essential
properties of the Wigner function that we will use along the
paper and in Sec. III we describe the typical quantum state of
the momentum of photons generated in a SPDC process. For
the sake of clarity, we analyze the spatial Wigner function in
three different situations: First, we consider the case where
one of the photons is projected onto a specific pure state,
obtaining the Wigner function of the remaining photon Sec.
IV. We also consider the case when one simply disregard
one of the photons, the other being, in principle, in a mixed
state Sec. V. Finally we propose an experimental scheme
for measuring the spatial properties of the whole entangled
state, and analyze the properties of the Wigner function of
the whole system Sec. VI.
II. WIGNER FUNCTION
The Wigner function associated with a quantum state 





ˆ rq , 1
where ˆ rq is defined as
ˆ rq = dr0 exp− 2iq · r0r − r0r + r0
= dq0 exp− 2ir · q0q + q0q − q0 . 2
The operator ˆ rq performs a reflection about the phase-space
point r ,q and is thus the parity operator about that point. In
the case of a “two particle” state the Wigner function can be
expressed as 17*noelia.gonzalez@icfo.es
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1,2ˆ 1,21,2 , 3
where ˆ 1,2 is the product of the two displaced operators,






The Wigner function corresponding to a generally mixed
state with density matrix =	iii can be written,
making use of Eq. 3, as Wr ,q=Trˆ rq. An interesting
property of the Wigner function, easily obtained from Eqs.
1 and 2, is that the Wigner function of a probabilistic
mixtures of density matrices, i.e., =	ii is W=	iWi.
Notwithstanding, this is not the case for a linear superposi-
tion of pure states, whose Wigner function does not result in
a linear superposition of the corresponding Wigner functions.
III. SOURCE OF SPATIALLY ENTANGLED PHOTONS
In the following we will consider the important case of a
two-photon state, whose quantum state can be written as
 = dqsdqiqs,qias†qsai†qi0s0i, 5
where qs= qs,x ,qs,y and qi= qi,x ,qi,y are the corresponding
transverse momenta of the signal and idler photons, respec-
tively. as
†qs is the creation operator of a signal photon with
transverse momentum qs, and similarly for the idler photon.
In the rest of the paper we will confine ourselves to the




exp− Aqs + qi2 − Bqs − qi2 , 6
where A and B are two possibly complex constants that will
allow us to analyze different types of momentum correlations
among the photons. The quantum state given by Eq. 6 is
normalized, so that 
dqs ,dqiqs ,qi2=1. The type of
states described by Eq. 6 is ubiquitous when describing
quantum systems of continuous variables. In the case of mo-
mentum correlated photons, the state given by Eq. 6 is a
very good approximation for describing paired photons en-
tangled in the momentum degree of freedom 18,19.
In particular, this kind of states can be produced when a
second-order nonlinear crystal is illuminated by a quasimo-
nochromatic pump beam in a Gaussian mode in order to
produce frequency downconverted waves. The downcon-
verted waves should be generated in a collinear configuration
all interacting waves propagate along the same direction,
and the Poynting vector walkoff should be negligible. One
way of achieving such conditions is the use of noncritical
type-II quasi-phase-matched nonlinear crystals. If such a
crystal geometry is chosen, and under the approximation that
the refractive indices of pump, signal and idler are nearly
equal, Eq. 6 is a good approximation to the state of the
photons at the output face of the crystal. The values obtained















where L is the length of the nonlinear crystal,  is a fitting
constant to approximate the phase matching functions sinc
function by a Gaussian function in our case we use 
=0.455, wp and 0 are the pump beam width and radius of
curvature considered at the center of the crystal, respectively,
kp
0
=pnp /c, and p and np are the corresponding angular
frequency and refractive index.
From Eq. 6 it can be readily checked that the momen-
tum correlations in each of the two transverse coordinates are
completely independent, i.e., there is no cross-correlation be-
tween direction x and direction y. Therefore, in the rest of the
paper we will drop all vector quantities, and focus on just
one of the transverse dimensions of the photons.
IV. REMOTE PREPARATION OF A PURE STATE
The two-photon state described by Eq. 6 is pure. After
projecting the idler photon in a pure state, the signal photon
will also remain in a pure state. The specific spatial shape of
the signal photon will depend on a the two-photon momen-
tum correlations of signal and idler and b the spatial shape
of the mode onto which the idler photon is projected. In this
sense, we talk about remote preparation of pure states. Theo-
retically, whenever Eq. 6 represents a nonseparable state,
one could achieve any remote preparation of a given spatial
state. This is due to the fact that the two-photon state admits
a Schmidt decomposition onto an infinite series of spatial
modes, each one of them with a finite, but ever decreasing
amplitude. However, in any experimental implementation the
limits of control would be given by the precision in the
preparation of states, the noise in the generation of the pho-
tons and the fundamental limits given by the paraxial ap-
proximation.
After projecting the idler photon, the Wigner function of




s,iP	,i  ˆ xs,qss,i , 8
where P	,i= 		i projects the idler photon onto the state
	=
dq	qai
†q0i. We will exemplify this remote prepa-
ration procedure with two different cases: the projection onto
a Gaussian mode, and projections onto coherent superposi-
tions of Gaussian and Hermite-Gaussian HG modes.
A. Projection onto a Gaussian state
We describe the projection of the idler photon into a
Gaussian state by the projector PG= GG where G, in the
transverse momentum space, is given by





NG is a normalization constant and 
x is the complex beam
width in real space given by










w0 is the beam waist, k is the longitudinal idler wave vector
and R is the radius of curvature of the beam. Making use of






2exp− xs − hIqs2hR  , 11
where hG= hR+ ihI /2 is defined as
hG = A + B −
B − A2




Since the biphoton function given by Eq. 6 describes per-
fect correlations in orbital angular momentum OAM be-
tween the signal and idler photons ms+mi=0, with ms,i be-
ing the OAM index of the signal idler beams 20, Eq. 11
correspond to the Wigner function of a pure Gaussian state.
In Fig. 1 we show a few examples of the remote prepara-
tion of Gaussian states as given by Eq. 11 and 12. Note
the different features of the Wigner function. For example,
tilting of the Wigner function appears whenever the state
presents curvature, i.e., when either A, B, or 
x have nonva-
nishing imaginary parts. In Figs. 1a and 1b the Wigner
function it is not tilted because the chosen parameters make
A, B, and 
x purely real L small and Ri and Rp tending to
infinitive. Also, note that the two transverse widths of the
elliptical Wigner function, in the qs and xs−hIqs directions,
are inversely related as shown in Eq. 11. We will see below
that this only happens when the represented state is pure and
can be clearly observed by comparing Figs. 1a and 1b.
Also, the idler Gaussian width only enters Eq. 11
through hG. From Eq. 12 it is readily observed that when
A=B, the spatial shape of the signal photon is independent of
the coincident idler projection. This could have already been
anticipated since Eq. 6 represents a separable state when-
ever A=B 19. In Fig. 2 we plot two cases with different
pumps but fixed idler projections. In particular, Fig. 2a
shows the especial case when A=B.
B. Projection onto superpositions of Hermite-Gaussian
and Gaussian states
Now we consider a multimode situation, i.e., the idler
photon is projected onto a coherent superposition of two
modes: a first order Hermite-Gaussian HG mode and a
Gaussian mode. The idler photon projector into a coherent
superposition can be written as PHG= HGHG, where






x gives the relative amplitude between the pure
Gaussian and the pure Hermite-Gaussian modes being x1 the
position of the null appearing in the field in real space. When

x is purely real, then q1=x1 /w0
2
. The Wigner function cor-
responding to the quantum state of the signal, after project-
ing the idler onto the mode given by Eq. 13 reads

















hIqs + xs + 4q12, 15


































FIG. 1. Color online Examples of remote preparation of a
single photon in a spatial Gaussian state. The pump is a Gaussian
mode, and the idler is projected onto a Gaussian state. a and b
show two Wigner functions with no curvature of the idler mode
Ri→, and different values of the beam width of the idler photon
wi: a wi=0.4 mm, b wi=1 mm. c and d correspond to the
same beam width of idler photon, wi=1 mm, but different values of
the radius of curvature, c Ri=1 m, d Ri=200 m. In all cases:
beam width of the pump beam wp=1 mm; no curvature of the























FIG. 2. Color online Effect of the pump beam on the remote
preparation of a Gaussian state ano curvature of the pump beam
Rp→, wp=38.23 
m and L=50 mm satisfying A=B; b
Rp=2m, wp=1 mm, no curvature of the idler mode Ri→,
wi=0.5 mm, L=5 mm.








Notice again that when A=B, g0=0 and two-photon state is
separable. In this situation the Wigner function of the signal
photon corresponds to a Gaussian one. When the two pho-
tons are in a separable state, if we set q1=0, i.e., we project
the idler into a pure Hermite-Gaussian mode, the probability
for a signal-idler coincidence is exactly zero 20. Some ex-
amples of the shapes described by Eq. 14 are shown in Fig.
3. Note that the superposition of a Gaussian and a Hermite-
Gaussian state does not result on the sum of their respective
Wigner functions.
V. WIGNER FUNCTION OF THE SIGNAL PHOTON
AND THE AMOUNT OF SPATIAL ENTANGLEMENT
In this section we consider the spatial properties of the
signal photon alone, i.e., regardless of the state of the idler
photon. The Wigner function of the signal photon alone can





Trs,iIˆi  ˆ xs,qss,i , 17
which corresponds to calculating the Wigner function of the
signal photon alone, applying the identity and tracing out the






exp− 2HR − Gqs
2
exp− xs − 2HIqs22HR + G  18
where H and G are defined as








Note that in this case, the purity of the quantum state that
describes the signal photon, which can be easily calculated
once the Wigner function has been measured, can be used to
determine the degree of entanglement of the initial two-
photon state. The purity of the signal photon can be calcu-
lated as P= Px
2
, where Px=2
dxsdqsWsxs ,qs2 and reads
Px = HR − GHR + G
1/2
. 21
From Eqs. 18 and 21 it can be seen than the purity of
the signal photon is directly related to the product of the two
transverse widths of the elliptical Wigner function, in the qs
and xs−2HIqs directions, respectively, satisfying the con-
strain
Px = qsxs−2HIqs 1. 22
Some comments are in order: first, notice again that if A
=B, G=0 and the two-photon state is separable. In this case
the Wigner function of the signal photon corresponds to the
Wigner function of a Gaussian state with the same condi-
tions, so that the state of the signal photon is pure. Note that
in this situation the two transverse widths of the Wigner
function are inversely related and as it is expected the purity
of the signal estate given by Eq. 22 is Px=1. Finally, we
can quantify the degree of entanglement of the initial state
with the von Neumann entropy Sx, which in this case de-





ln1 + Px1 − Px − ln 2Px1 + Px . 23
Some numerical examples of the Wigner function given
by Eq. 18 are shown in Figs. 4a and 4c. For Fig. 4c we
have chosen wp and L to satisfy the condition A=B. As it is
expected, in this case the two-photon state, which is sepa-
rable, gives the Wigner function of a Gaussian state with
equal conditions. It is clear if we compare Fig. 4c with Fig.
2a which shows the same Wigner function. Also, note that
comparing Fig. 4a with Fig. 1b it is clearly seen how the


































FIG. 3. Color online Examples of remote preparation of a
single photon in a spatial superposition of a Gaussian and a Hermite
Gaussian state for different values of q1. The pump is a Gaussian
mode, whereas the idler photon is projected onto a given superpo-
sition of the states. a and b show two cases where q1 is purely
real, whereas in c and d q1 is purely imaginary. a q1=0, b
q1=210−4 
m, c q1= i10−8 
m, d q1= i210−8 
m. In all
cases: Beam width of the idler and pump: wi=wp=1 mm; curvature
of the idler photon and the pump beam Ri=Rp=100 m; Crystal
length L=5 mm.
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VI. EXPERIMENTAL PROPOSALS FOR MEASURING
THE WIGNER FUNCTION
A. Measurement of the Wigner function of the signal photon
The Wigner function of the signal photon described in the
previous sections can be measured experimentally using an
extension of the method proposed in 23. Figure 5 shows the
scheme proposed to measure the Wigner function of the sig-
nal from the entangled two-photon pair. The Wigner function
of the signal photon is measured by means of a three-
dimensional 3D Sagnac interferometer. The detailed de-
scription of this device can be found in 23. At the output of
the 3D Sagnac interferometer, the two beams which counter-
propagate, produce an interference pattern which is then sent
to a detector. The role of the out of the plane reflections
round mirror in the figure is to spatially invert one of the
interfering beams with respect to the other, in order to pro-
duce the parity operation described in Eq. 2. On the other
hand, the input beam is properly displaced and tilted to com-
plete the operator in Eq. 2. Under these experimental con-
ditions, the coincidences rates from the both output ports,
signal and idler, will have the following shape:
Rc  Is
1 + Is
2 + 2W˜ sxs,qsIi, 24
where Ii is the detected idler photon flux, Is
n
=nIs, with n
=1,2, are proportional to the counts corresponding to the
two counterpropagating directions of the signal photon in the
interferometer. Here, Is is the photon flux rate of the incom-
ing signal beam and 1=R2 2=T2 depends on the reflec-
tivity, R transmissivity T of the beam-splitter. On the other
hand, =RT and W˜ sxs ,qs is proportional to the Wigner
function of the signal photon. Therefore, the proper Wigner
function can be extracted from the measurement of the coin-
cidences of the two outputs, after subtracting the background
and properly normalizing the result.
First, let us describe the basic setup for measuring the
quantum state of the signal once the idler has been projected
onto a Gaussian state Sec. IV A. In this case, we collect the
idler photon with a single mode fiber SMF and detect it,
thus effectively projecting the idler onto a Gaussian state. We
record the coincident signal photons after it has traversed the
interferometer. Finally, after subtracting the coincidences
background, we obtain an interference pattern which is pro-
portional to the Wigner function, as given by Eq. 11. Note
that the value of 
x in Eq. 9 is the one of the idler beam at
the output face of the crystal, thus one has to take into ac-
count the propagation from the fiber to the crystal.
The projection in a superposition of Gaussian and
Hermite-Gaussian states Sec. IV B can be done in a similar
way, but now introducing a mode transformation of the idler
spatial profile before the projection operation implemented
by the SMF. The mode transformation together with the pro-
jection onto a Gaussian state can be seen as a projection onto
a HG state. Again, the proper values of q1 and 






































FIG. 4. Color online Examples of the Wigner function of the
single photon alone, i.e., without considering the idler photon. The
pump is a Gaussian beam. a and c show two cases where the
signal photon is analyzed at the output face of the nonlinear crystal.
In b and d we have considered the propagation of the signal
photon using a lens with focal length f mm located L1 after the
output face of the nonlinear crystal, and at L2 from the entrance of
the interferometer. For a and b wp=1 mm and L=5 mm. For c
and d wp=38.23 
m and L=50 mm satisfying the condition A
=B. In b f =150 mm, L1=300 mm and L2=300 mm, in d f
=200 mm, L1=175 mm and L2=200 mm. No curvature of the






















FIG. 5. Color online Sketch of the setup proposed for the
retrieval of the Wigner function of a remotely prepared photon.
Pairs of momentum entangled photons are generated from a nonlin-
ear crystal illuminated by a quasimonochromatic Gaussian pump
beam in a collinear configuration. The signal and idler photon fol-
low different paths after traversing a PBS. The idler photon is de-
tected by Detector2 after been collected using the appropriate opti-
cal elements depending on the remote preparation that we want to
perform. The signal photon is detected by Detector1 after passing
through a Sagnac interferometer, and collected with a multimode
fiber. Using coincident logical detection, we measure the Wigner
function of the signal photon.
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are those taken at the output face of the crystal. Although the
propagation does not change the weight of the modes in the
superposition, it might change the relative phases of the
complex amplitude.
Finally, the measurement of the Wigner function of the
signal photon alone, without taking into account the idler
photon, can be done collecting the idler photon with a mul-
timode fiber MMF in order to avoid spatial filtering. In this
case, the propagation of the idler mode from the crystal to
the detector is not relevant, as the idler state is traced out.
In order to properly compare the results obtained with
these experimental setups, with our previous theoretical re-
sults, an important element should be considered: the effects
on the Wigner function of the propagation of the fields from
the output face of the nonlinear crystal to the detectors. In
the situations described so far, we have shown the Wigner
function at the output face of the crystal. Let us now consider
a more realistic situation, in which both photons propagate
from the output face of the crystal to the interferometer,
maybe traversing a lens in their way. As we have already
mentioned, the idler propagation can be properly accounted
for by using the correct values of q1 and 
x. Thus, we are left
with only the propagation of the signal. In the case of the
remote preparation of the signal photon Sec. IV, the effect
of the propagation is trivial. The overall shape of the Wigner
function would still be described by Eqs. 12 and 15, but
with different values for the characterizing parameters.
The most interesting case is the one described in Sec. V,
where the state of the idler photon is disregarded. If we use a
lens of focal length f located a distance L1 after the output
face of the nonlinear crystal, and located at a distance L2
from the Sagnac interferometer Ms, the state of the signal
photon at the output face of the nonlinear crystal is trans-
formed as
s,i  = Uˆ s  Iˆis,i , 25
Us is an unitary transformation over the signal photon, given
by the product of the transformations due to the free propa-
gation and the effect of the lenses,
Uˆ s = Uˆ L2U
ˆ fUˆ L1, 26
Uˆ Ln and U
ˆ f, in transverse momentum space, have the form
qUˆ Lnq = exp− i Ln2kq2q − qn = 1,2, 27
qUˆ fq =
1
2 dx expiq − qxexp− i k2f x2 .
28
We take into account this more realistic scenario to calculate
the Wigner function of the signal photon alone. Making use







exp− 2HR − Gqs
2
exp− xs − 2HIqs22HR + G  , 29
where





H = HR + iHI =  f2k
2 1A + B − iT1 + G
12
2HR












= A + B −
B − A2










Let us to note that Eqs. 29 and 18 have the same math-
ematical structure.
In Figs. 4b and 4d we show two examples of how the
consideration of the propagation of the signal photon affects
the shape of the Wigner function retrieved. Figures 4a and
4c show the Wigner function at the output face of the non-
linear crystal, without considering the propagation effects as
described in Sec. V. Figures 4b and 4c plot similar cases,
but now taking into account the propagation from the output
face of the nonlinear crystal to the entrance of the Sagnac
interferometer, showing clearly how the shape of the Wigner
function of the signal photon changes. However, it should be
noted that this transformation preserves the purity of the sig-
nal photon, as no filtering occurs in the process. This can be
mathematically shown by inserting the expressions for H
and G in Eq. 21. Note that Fig. 4d is exactly the same
than Fig. 1b, although they represent two very different
experimental situations. In the case of Fig. 1b the signal
photon results in a coherent Gaussian state with a plane wave
front by means of projecting the idler photon onto a given
state. In Fig. 4d, the signal photon results on exactly the
same state but without any postselection.
B. Wigner function of the two-photon state
The Wigner function of the two-photon state can be cal-
culated using the more general Eq. 3. It can be readily
shown that at the output face of the crystal it has the form






exp− 2ReAqs − qi2 − 2ReBqs + qi2
exp− 2ImB − Aqi − qs + xs2ReA + B 







This Wigner function can be measured experimentally us-
ing an extension of the procedure to measure the Wigner
function of the signal alone. In this case, instead of collecting
the idler photon with a multimode fiber, it will pass through
another Sagnac interferometer similar to the one used for the
signal photon, as it is sketched in 6. Under these experimen-
tal conditions, the coincidence rates from the output ports of












2Wsxs,qs + Ws,ixs,qs,xi,qi , 38
where Ij
n
, with n=1,2 and j=s , i, are the counts correspond-
ing to a signal or idler photon which travels through either
path of the interferometer. Wjxj ,qj is the Wigner function
of the signal idler photon alone regardless of the state of
the idler signal photon, as described in Sec. V.
Ws,ixs ,qs ,xi ,qi is the Wigner function of the two-photon
state at the output face of the crystal and can be extracted
from the coincidences of the two outputs, after subtracting
the background elements.
VII. CONCLUSIONS
In this paper we have presented some useful results re-
garding the spatial Wigner function of entangled paired pho-
tons. We have studied the remote preparation of one of the
photons of the pair, showing explicit results for the photon
being in a Gaussian beam and in a superposition of two
modes. Also, we have studied the important case of the
Wigner function of only one of the two photons of the pair,
which shows that one photon of the pair is in a statistical
mixture of modes. This case can be particularly important to
estimate the amount of spatial entanglement of the source.
Finally, we propose an experiment to completely measure the
spatial state of the two photons, by using a pair of Sagnac
interferometers. We have given analytical expressions for the
results one would expect in this case.
All these analytical studies show that the spatial degree of
freedom of photons can be used to explore the physics of
continuous variable systems. Also, it will allow us to further
control the spatial state of the photons.
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